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In this paper we prove a generalized Ramanujan’s circular summation of theta function
using the theory of elliptic and theta functions. This identity also includes a result of
M. Boon, M.L. Glasser, J. Zar, I.J. Zucker and an addition formula of theta functions. Besides,
we can get some new trigonometric identities.
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1. Introduction
Throughout this paper we will take q = exp(π iτ ), where τ has a positive imaginary part. As usual, the Jacobi theta
functions θk(z|τ ), k = 1,2,3,4, are deﬁned as follows
θ1(z|τ ) = −iq1/4
∞∑
m=−∞
(−1)mqm(m+1)e(2m+1)iz, (1.1)
θ2(z|τ ) = q1/4
∞∑
m=−∞
qm(m+1)e(2m+1)iz, (1.2)
θ3(z|τ ) =
∞∑
m=−∞
qm
2
e2miz, (1.3)
θ4(z|τ ) =
∞∑
m=−∞
(−1)mqm2e2miz. (1.4)
The starting point of our investigation is the following important formula of generalized circular summation of theta func-
tion, and we are mainly motivated by the papers of H.H. Chan, Z.G. Liu, S.T. Ng [1] and M. Boon, M.L. Glasser, J. Zar,
I.J. Zucker [2].
Theorem 1. For any positive integers k, n, a and b with k = a + b, we have
kn−1∑
s=0
θa3
(
z
kn
+ y
a
+ π s
kn
∣∣∣∣ τkn2
)
θb3
(
z
kn
− y
b
+ π s
kn
∣∣∣∣ τkn2
)
= knHa,b
(
y
ab
,
τ
kn2
)
θ3(z|τ ), (1.5)
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Ha,b(y, τ ) =
∞∑
m1+···+ma+n1+···+nb=0
m1,m2,...,nb=−∞
qm
2
1+···+m2a+n21+···+n2b e2k(m1+···+ma)iy . (1.6)
As special cases we have the following two important theorems.
Theorem 2. (See [1, Theorem 3.1].) For any positive integers k and n, we have
kn−1∑
s=0
θk3
(
z
kn
+ π s
kn
∣∣∣∣ τkn2
)
= knGk
(
τ
kn2
)
θ3(z|τ ), (1.7)
where
Gk(τ ) =
∞∑
m1+m2+···+mk=0
m1,m2,...,mk=−∞
qm
2
1+m22+···+m2k . (1.8)
Theorem 3. For any positive integers k, n, a and b with k = a + b, we have
kn−1∑
s=0
θa3
(
by + π s
kn
∣∣∣∣ τkn2
)
θb3
(
ay − π s
kn
∣∣∣∣ τkn2
)
= knHa,b
(
y,
τ
kn2
)
θ3(0|τ ). (1.9)
Theorem 2 was found in a paper by M. Boon, M.L. Glasser, J. Zar and I.J. Zucker [2], but they did not realize its connection
with Ramanujan’s circular summation formulas. The rest of the paper is organized as follows.
In Section 2 we will prove Theorems 1–3. In Sections 3 and 4 we apply Theorems 1 and 2 to get some well-known theta
function identities.
2. Proofs of Theorems 1, 2 and 3
Proof of Theorem 1. From (1.3), we ﬁnd that
θ3(z + π |τ ) = θ3(z|τ ) and θ3(z + πτ |τ ) = q−1e−2izθ3(z + π |τ ). (2.1)
Let f (z) be the left-hand side of (1.5), then we have
f (z + π) =
kn−1∑
s=0
θa3
(
z
kn
+ y
a
+ π(s + 1)
kn
∣∣∣∣ τkn2
)
θb3
(
z
kn
− y
b
+ π(s + 1)
kn
∣∣∣∣ τkn2
)
.
Replacing s + 1 by s and using the ﬁrst identity in (2.1), we ﬁnd that
f (z + π) = f (z). (2.2)
Using the second identity in (2.1), we deduce that
θ3(z + nπτ |τ ) = q−n2e−2nizθ3(z|τ ). (2.3)
From the above identity, we obtain that
θa3
(
z
kn
+ y
a
+ π s
kn
+ nπτ
kn2
∣∣∣∣ τkn2
)
θb3
(
z
kn
− y
b
+ π s
kn
+ nπτ
kn2
∣∣∣∣ τkn2
)
= q−1e−2izθa3
(
z
kn
+ y
a
+ π s
kn
∣∣∣∣ τkn2
)
θb3
(
z
kn
− y
b
+ π s
kn
∣∣∣∣ τkn2
)
. (2.4)
So we conclude that
f (z + πτ) = q−1e−2iz f (z). (2.5)
Combining (2.2) and (2.5), we deduce that f (z)/θ3(z|τ ) is an elliptic function with periods π and πτ . It is well known
that f (z)/θ3(z|τ ) has only one possible simple pole at z = (π + πτ)/2 in the period parallelogram. Hence f (z)/θ3(z|τ ) is
independent of z, say ca,b(y, τ ), since an elliptic function with only one simple pole in the parallelogram must be a constant.
Thus we have
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s=0
θa3
(
z
kn
+ y
a
+ π s
kn
∣∣∣∣ τkn2
)
θb3
(
z
kn
− y
b
+ π s
kn
∣∣∣∣ τkn2
)
= ca,b(y, τ )θ3(z|τ ). (2.6)
Using the expansion of θ3(z|τ ) in (1.3), we can rewrite (2.6) as
kn−1∑
s=0
∞∑
m1,...,ma
n1,...,nb=−∞
q
m21+···+m2a+n21+···+n2b
kn2 e
2i(m1+···+ma+n1+···+nb )z
kn e2i(
m1+···+ma
a −
n1+···+nb
b )yω
(m1+···+ma+n1+···+nb )s
kn
= ca,b(y, τ )
∞∑
m=−∞
qm
2
e2miz
(where ω = e 2π ikn ). If we replace e2iz by x and equate the constant item of both sides, we obtain
ca,b(y, τ ) =
kn−1∑
s=0
∞∑
m1+m2+···+ma+ n1+n2+···+nb=0
q
m21+m22+···+m2a+n21+···+n2b
kn2 e2iy(
m1+···+ma
a −
n1+···+nb
b )
= kn
∞∑
m1+m2+···+ma+ n1+n2+···+nb=0
q
m21+m22+···+m2a+n21+···+n2b
kn2 e2kiy(
m1+···+ma
ab )
= knHa,b
(
y
ab
,
τ
kn2
)
.
Thus we complete the proof of Theorem 1. 
Proofs of Theorems 2 and 3. Setting y = 0 and z = 0 in Theorem 1, we obtain Theorems 2 and 3 respectively. 
Replacing z by knz and τ by knτ , we can rewrite (1.7) as follows
kn−1∑
s=0
θk3
(
z + π s
kn
∣∣∣∣τn
)
= knGk
(
τ
n
)
θ3(knz|knτ ). (2.7)
After substituting k = 1 in (2.7) it follows that
nθ3(nz|nτ ) =
n−1∑
s=0
θ3
(
z + π s
n
∣∣∣∣τn
)
. (2.8)
This is the additive decomposition of theta function which is ﬁrst discovered by M. Boon et al. [2].
Substituting n = 1 in (2.7) and simplifying, we conclude that
n−1∑
s=0
θn3
(
z + π s
n
∣∣∣∣τ
)
= nGn(τ )θ3(nz|nτ ). (2.9)
This is an equivalent form of Ramanujan’s circular summation formula if we perform Jacobi’s imaginary transformation on
it (for more details see [1]).
It is interesting to see that if we combine (2.8) and (2.9), then we can derive (2.7) as follows
kn−1∑
s=0
θk3
(
z + π s
kn
∣∣∣∣τn
)
=
n−1∑
l=0
k−1∑
s=0
θk3
(
z + π s
k
+ π l
kn
∣∣∣∣τn
)
=
n−1∑
l=0
kGk
(
τ
n
)
θ3
(
kz + π l
n
∣∣∣∣kτn
)
= knGk
(
τ
n
)
θ3(knz|knτ ).
We conclude this section by observing that for n = 1,2 and 3,
G1(τ ) = 1, G2(τ ) = θ3(0|2τ ) and G3(τ ) = a
(
q2
)
,
where a(q) is the cubic theta function
a(q) =
∞∑
m,n=−∞
qm
2+mn+n2 .
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Corollary 1.When kn is odd, we have
kn−1∑
s=0
(−1)sθk1
(
z + π s
kn
∣∣∣∣τ
)
= knGk(τ )(−1) n+k−22 θ1
(
knz
∣∣kn2τ ). (3.1)
When kn is even and n is odd, we have
kn−1∑
s=0
(−1)sθk1
(
z + π s
kn
∣∣∣∣τ
)
= knGk(τ )(−1) k2 θ2
(
knz
∣∣kn2τ ). (3.2)
Proof. We will use the following transformation formulas between Jacobi’s theta functions:
θ1
(
z + π
2
∣∣∣∣τ
)
= θ2(z|τ ), θ1
(
z + πτ
2
∣∣∣∣τ
)
= iq−1/4e−izθ4(z|τ ),
θ2
(
z + π
2
∣∣∣∣τ
)
= −θ1(z|τ ), θ2
(
z + πτ
2
∣∣∣∣τ
)
= q−1/4e−izθ3(z|τ ),
θ3
(
z + π
2
∣∣∣∣τ
)
= θ4(z|τ ), θ3
(
z + πτ
2
∣∣∣∣τ
)
= q−1/4e−izθ2(z|τ ),
θ4
(
z + π
2
∣∣∣∣τ
)
= θ3(z|τ ), θ4
(
z + πτ
2
∣∣∣∣τ
)
= iq−1/4e−izθ1(z|τ ).
Substituting z by z + π/2 + nπτ/2 in (1.7) and simplifying, we immediately obtain (3.1) and (3.2). Similarly we can get
formulas of this kind for other types of theta functions. 
Here we can derive some new trigonometric identities from (3.1) and (3.2). From the deﬁnition of θ1 (see, for exam-
ple, [5]), we ﬁnd that
θ1(z|τ ) = 2q1/4
∞∑
m=0
(−1)mqm(m+1) sin(2m + 1)z = 2q 14 sin z + O (q 94 ).
Substituting this into (3.1), we deduce that
kn−1∑
s=0
(−1)s2kqk/4 sink
(
z + π s
kn
)
+ O (q k+44 )= (−1)(n+k−2)/2knGk(τ )(2qkn2/4 sinknz + O (q5kn2/4)).
Multiplying throughout by q−k/4 and simplifying, we deduce that
kn−1∑
s=0
(−1)s2k sink
(
z + π s
kn
)
+ O (q) = (−1)(n+k−2)/2knGk(τ )
(
2qk(n
2−1)/4 sinknz + O (qk(5n2−1)/4)).
Letting q → 0, we obtain the following trigonometric identities:
Corollary 2. Let n,k be odd positive integers. If n = 1, then
k−1∑
s=0
(−1)s2k sink
(
z + π s
k
)
= 2(−1)(k−1)/2k sinkz. (3.3)
If n = 1, then
kn−1∑
s=0
(−1)s sink
(
z + π s
kn
)
= 0. (3.4)
Similarly from (3.2) we deduce the following identities:
Corollary 3. Suppose n is an odd integer and k is an even integer. If n = 1, then
k−1∑
(−1)s2k sink
(
z + π s
k
)
= 2(−1)k/2k coskz. (3.5)s=0
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kn−1∑
s=0
(−1)s sink
(
z + π s
kn
)
= 0. (3.6)
Other applications of Theorem 2 can be found in [1] and [2].
4. Some results of Theorem 1
From (1.5) we observe that Ha,b(y, τ ) = Hb,a(−y, τ ), but when a and b are large, it is diﬃcult to compute Ha,b(y, τ ).
Here we give some simple forms of Ha,b(y, τ ) with (a,b) = (1,1), (2,1) and (2,2).
4.1. Case (a,b) = (1,1)
If we let a = 1, b = 1 and replace z and τ by 2nz and 2n2τ respectively in (1.5), then we ﬁnd that
Corollary 4.
2n−1∑
s=0
θ3
(
z + y + π s
2n
∣∣∣∣τ
)
θ3
(
z − y + π s
2n
∣∣∣∣τ
)
= 2nθ3(2y|2τ )θ3
(
2nz
∣∣2n2τ ). (4.1)
When n = 1, then we obtain from (4.1) the addition formula of θ , namely,
θ3(z + y|τ )θ3(z − y|τ ) + θ4(z + y|τ )θ4(z − y|τ ) = 2θ3(2y|2τ )θ3(2z|2τ ). (4.2)
Other addition formulas of θ functions can also be obtained from (4.2) using Jacobi’s imaginary transformation (see, for
example, [3]). In particular, if we let y = z, then (4.2) reduces to
θ3(2z|τ )θ3(0|τ ) + θ4(2z|τ )θ4(0|τ ) = 2θ23 (2z|2τ ). (4.3)
4.2. Case (a,b) = (2,1)
If we take a = 2 and b = 1 in (1.5), then we deduce that
Corollary 5.
3n−1∑
s=0
θ23
(
z
3n
+ y
2
+ π s
3n
∣∣∣∣ τ3n2
)
θ3
(
z
3n
− y + π s
3n
∣∣∣∣ τ3n2
)
= 3nH2,1
(
y
2
,
τ
3n2
)
θ3(z|τ ), (4.4)
where
H2,1(y, τ ) = θ3(0|2τ )θ3(6y|6τ ) + θ2(0|2τ )θ2(6y|6τ ). (4.5)
Proof. If we set
a′(z, τ ) =
∞∑
m,n=−∞
qm
2+mn+n2e2i(m+n)z =
∞∑
m,n=−∞
qm
2+m(n−m)+(n−m)2e2inz =
∞∑
m,n=−∞
qm
2−mn+n2e2inz
=
∞∑
m,n=−∞
qm
2+mn+n2e2inz =
∞∑
m,n=−∞
qm
2+2mn+4n2e4inz +
∞∑
m,n=−∞
qm
2+(2n+1)m+(2n+1)2e2(2n+1)iz
=
∞∑
m,n=−∞
q(m+n)2+3n2e4inz +
∞∑
m,n=−∞
q(m+n)2+(m+n)+3n2+3n+1e2(2n+1)iz
= θ3(0|τ )θ3(2z|3τ ) + θ2(0|τ )θ2(2z|3τ ),
then we have
H2,1(y, τ ) =
∞∑
m+n+l=0
m,n,l=−∞
qm
2+n2+l2e6iy(m+n) =
∞∑
m,n=−∞
q2(m
2+n2+mn)e6iy(m+n)
= a′(3y,2τ ) = θ3(0|2τ )θ3(6y|6τ ) + θ2(0|2τ )θ2(6y|6τ ).
Here a′(z, τ ) is exactly the same as the deﬁnition of a′(z, τ ) in [4] where e2iz is instead of z. It can be seen as a generaliza-
tion of a(q). 
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If we take a = 2 and b = 2 in (1.5), then we deduce
Corollary 6.
4n−1∑
s=0
θ23
(
z
4n
+ y
2
+ π s
4n
∣∣∣∣ τ4n2
)
θ23
(
z
4n
− y
2
+ π s
4n
∣∣∣∣ τ4n2
)
= 4nH2,2
(
y
4
,
τ
4n2
)
θ3(z|τ ), (4.6)
where
H2,2(y, τ ) = θ23 (0|2τ )θ3(8y|4τ ) + θ22 (0|2τ )θ2(8y|4τ ). (4.7)
Proof.
H2,2(y, τ ) =
∞∑
m1+m2+n1+n2=0
m1,m2,...,n2=−∞
qm
2
1+m22+n21+n22e8iy(m1+m2) =
∞∑
m,n,l=−∞
q2[m2+n2+l2+(n+m)l]e8ily
=
∞∑
m,n,l=−∞
q2[(m+l)2+(n+l)2+2l2]e16ily +
∞∑
m,n,l=−∞
q2[(m+l)2+(m+l)+(n+l)2+(n+l)+2l2+2l+1]e8i(2l+1)y
= θ23 (0|2τ )θ3(8y|4τ ) + θ22 (0|2τ )θ2(8y|4τ ).
Although Ha,b(y, τ ) may be diﬃcult to compute when a and b are large, one natural question is this: are there any relations
among Ha,b(y, τ ) with the same positive integer k = a + b? At present we do not know the answer to this question. 
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